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For fixed integers p,q an edge coloring of a complete graph K is called a (p,q)-coloring if the
edges of every Kp C K are colored with at least g distinct colors. Clearly, (p,2)-colorings are the
classical Ramsey colorings without monochromatic Kp subgraphs. Let f(n,p,¢) be the minimum
number of colois needed for a (p,g)-coloring of Ky. We use the Local Lemma to give a general
upper bound for f. We determine for every p the smallest ¢ for which f(n,p,q) is linear in n
and the smallest ¢ for which f(n,p,q) is quadratic in n. We show that certain special cases of
the problem closely relate to Turdn type hypergraph problems introduced by Brown, Erdds and
T.Sés. Other cases lead to problems concerning proper edge colorings of complete graphs.

1. Introduction

This note gives some results and problems concerning a question asked by the
senior author in 1981. After some preliminary results of the senior author with Gy.
Elekes and Z. Fiiredi (stated in [3], section 9), the area has been abandoned for
fifteen years. Elekes went as far as claiming that the previous work has been done
with another Elekes. The results claimed in [3] will be indicated by (*) in this note.

An edge coloring of a complete graph Ky, is a (p,q)-coloring if every subset
of p vertices spans at least ¢ distinct colors. It will be always assumed that 3<p
and 2<¢< (B). The cited problem from [3] is: what is the least number of colors
needed for a (p,q)-coloring of K,? This number is denoted by f(n,p,q) and we
restrict our attention to the case when p,q are fixed and n tends to infinity. (We
use f in an equivalent but slightly different way that in [3].) There is one trivial

case to exclude: f(n,p,(5))=(3) if p>3.

Determining f(n,p,q) for small values of p,q leads to problems of varying dif-
ficulty. Observe that (p,2)-colorings are equivalent to colorings without monochro-
matic Kp. Therefore determining f(n,p,2) is hopeless, being equivalent to deter-
mining classical Ramsey numbers for multicolorings. For example, R(3,3,3) =17
can be expressed in terms of f as f(16,3,2) =3, f(17,3,2) =4. Thus the order of
magnitude of f(n,3,2) is equivalent to a well known open problem, classical results
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give c1 lolgol%(gT&) < f(n,3,2) <eglog{n). On the other hand, (3,3) colorings are equiv-

alent with proper edge colorings, so f(n,3,3) is the chromatic index of K, (n for
odd n, n~1 for even n). The most annoying problem among the small cases is the
behavior of £(n,4,3): the o(n) upper bound (*) is improved here to c/n (a special
case of Theorem 1), but we could not even prove that ff((%l tends to infinity. To
show that f(9,4,3)=3 and f(10,4,3)=4 is not a difficult exercise, but to find the
smallest n for which f(n,4,3)=5 is probably not so easy. (That number is smaller
than 18, this follows from R(4) =18. To gain one, one has to show that K17 can
not be decomposed into four edge disjoint graphs such that the union of any two is
isomorphic to the (unique) Ramsey-graph on 17 vertices.)

In Section 2 a nonconstructive upper bound is given for f(n,p,q). Sections 3-
7 discuss problems and results for general p and specific g to clarify transitions of
f like from sublinear to linear, from linear to superlinear, etc. The smallest ¢ for
which f(n,p,q) is linear in n equals to (g) —p+3 (Theorem 2.). The smallest ¢ for

which f(n,p,q) is quadratic in n equals to (127) —|8]+2if p>4 (Theorem 4.).

‘Concerning small values of p and g, we show that 5(71—6_}) < f(n,4,5) < n
(Theorem 3.). A well-known result of Ruzsa and Szemerédi is used to show that
£(n,9,34) = (3) — o(n?) (Theorem 5.). We think that the most interesting open

problems are to find the order of magnitude for f(n,4,4) and f(n,5,9), at least to
show that the latter is nonlinear.

2. Bound from Local Lemma

—p=2

Theorem 1. f(n,p,q)<cn (8) -+t , where ¢ depends only on p,q.

Proof. Consider a random t-coloring of the edges of K,,, each edge gets color 4
with probability % The probability that p fixed vertices span at most g—1 colors

is bounded by
P
P tq—l(q — 1)(2)
t

where t971 is the overestimate of the number of ways to select at most g—1 colors
from t colors. Since colorings of p element sets which intersect in at most one
vertex are independent, the Local Lemma ([6]) can be applied with dependency

bound D= (723) (pf2). Now the theorem follows from solving ePD <1 for ¢. [ |
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3. Limits for linear f(n,p,q)

For fixed p, it is easy to find the smallest ¢ for which f(n,p,q) is linear in n.
This is given in the next theorem.

Theorem 2. For arbitrary p, set q= (72’) —p+3. Then f(n,p,q) is linear in n while
a1
f(n,p,q—1) is sublinear (< cnl— p-1).

Proof. The upper bounds follow from Theorem 1. Consider a (p,g)-coloring of Ky
(with the value of ¢ stated in the theorem). The graph determined by the edges
of an arbitrary color class has maximum degree at most p—2, otherwise we have a
vertex incident to p—1 edges of the same color which determines p vertices spanning
at most (g) —p+2=q—1 colors, contradicting to the definition of the {p,g)-coloring.

Therefore each color class has at most (p_—ZZM edges. This implies that one needs
at least %_‘_—% colors for a (p,¢)-coloring of Ky,. | |

Since f(n,4,6)= (%) is trivial, Theorem 2 gives that f(n,4,q) is linear if and
only if g=5. However, it seems to be interesting to find the asymptotics. The lower
bound of the next theorem is claimed in {*).

Theorem 3. inﬁ:l—) < f(n,4,5) for all n > 4. For all odd n, f(n,4,5) < n, for
infinitely many even n, f(n,4,5)<n—1.

Proof. Observe that in a (4,5)-coloring of K, each color class is the union of vertex
disjoint edges and paths of length two. Assume that there are m color classes, and
in color class ¢ there are t; edges and h; paths of length two. Clearly, for every i,
2t; +3h; <n, therefore

m m
2) "t +3> hi <mn.
=1 =1

Another property of a (4,5)-coloring is that if z1x9z3 is a 2-path in color i and
the edge z1z3 is colored with color j (i # j), then zjz3 is an edge component in
color class j. This implies that the number of 2-path components can not be larger
than the number of edge components:

Finally, since each edge of K, is colored, we have

m m n
dti+2> hi= (2>
i=1 i=1
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The claimed lower bound follows easily from the displayed inequalities.

To get the stated upper bound for odd n, consider the standard rotational
decomposition of K, into n factors, each of them spanning all but one vertices. In
this decomposition there is no alternating Cy4 (cycle on four vertices). This ensures
that the coloring is a (4,5)-coloring. The standard extension of this coloring to even
n gives the required (4,5)-coloring with n—1 colors whenever there is no alternating
Cj in the union of any two color classes. This certainly happens if n—~1 is a prime
which is enough for our purposes. (The condition that there is no Cy in the union
of any two color classes in a factorization of Ky, (n is even) is a weakening of the
notion of perfect factorization where the union of any two color classes must form
a Hamiltonlan cycle, see [11]. It is an open problem whether a perfect factorization
exists for all even n. Perhaps it is known that for all even n there is a factorization
with this weaker property.) 1

The authors disagree in predicting the truth about f(n,4,5). The senior author
feels that n—o(n) is the truth which means that only a negligable number of 2-paths

can be used in a (4,5)-coloring of K,,. The junior author thinks that %" is closer
to the true value. The problem is probably not trivial, the values of f for small n
are: 5 for n=4,5,6; 7 for n=7,8. Up to this point extremal (4,5)-colorings can be
provided from the standard factorization (n =4 is a trivial degenerate case). The
case n=0 is interesting, f(9,4,5)=8 and in the extremal {4,5)-coloring we found,
six color classes are in the form P3;+3K9 and two in the form 3/5. We describe it
with the convention that ij is an edge and ijk is the 2-path with edges ij,jk. Of
course, it would be interesting to generalize this factorization.

A (4,5)-coloring of Ky with eight colors:

123, 49, 57, 68; 564, 18, 29, 37; 879, 16, 24, 35; 417, 26, 38, 59;
258, 19, 34, 67; 396, 15, 27, 48; 28, 36, 47; 13, 45, 89;

The upper limit of linearity seems to be a difficult but interesting problem:.
More precisely, the question is that for a fixed p what is the largest ¢ (in terms of
p) such that f(n,p,q) is linear in n? The difficulty appears already for p=>5 which
is discussed next.

Recall that (from Theorem 2) f(n,5,8) is linear (but f(n,5,7) is sublinear).
What about f(n,5,9)? Consider a (5,9)-coloring of K. Call a color class proper
if it has pairwise disjoint edges. It is immediate to check that a non-proper color
class has precisely two edges, forming a 2-path. Moreover the 2-paths formed by
distinct non-proper color classes are pairwise vertex disjoint. Therefore at most %
color classes are non-proper, i.e. they do not affect the linearity of f. In fact, one
can introduce at most % new colors to get a proper (5,9)-coloring from the given

(5,9)-coloring. The crucial point is that the union of two proper color classes can
not form a path (or a cycle) with four edges. Thus the linearity of f(n,5,9) is
equivalent with the following problem.

Problem 1. Is it possible to have a proper edge coloring of K, with cn colors so
that the union of any two color classes has no paths or cycles with four edges?



A VARIANT OF THE CLASSICAL RAMSEY PROBLEM 463

The answer is probably negative and might come from Szemerédi lemma.
(Perhaphs only cen? edges are needed instead of (3))

Problem 2. Decide whether for every p, f(n,p,q) is linear only if ¢= (’2’) —p+3.

4. Quadratic f(n,p,q)

One can easily find the value of ¢ where f becomes quadratic.

Theorem 4. Set g=(5) — |§|+2. Then (3) (|§] —1)—1 < f(n,p,q). On the other

_4 4 2
hand, f(n,p,q—l)gcn2 . Moreover, for p>7, n3 —n3 < f(n,p,qg—1).

Proof. The first part follows from the observation that in a (p,q)-coloring of K,
each color class has at most {gJ —1 edges. The upper bound for the second part
comes from Theorem 1.

The lower bound comes from the following argument. If all color classes in a
2 4
(p,q)-coloring of K, have at most "—23— edges then at least n3 colors must be used.

2
Otherwise a color class C contains at least e= %3— edges. From the choice of ¢ and
from the assumption p > 5, the edges in C are pairwise independent (otherwise,
since n is large, we could select p vertices which span more than [—723 _| edges of C).

The same argument and the assumption p>7 gives that no color other than C is
repeated in the subgraph spanned by the edges of C. Therefore one needs at least

2e 4 2 : :
(2)—e=n3—n3 colors in this case. 1

5. When do we have f(n,p,q)z%2 —o(n?)?

The exact value of ¢ {in terms of p} for this transition seems to be difficult to
find. This problem is related to a well-known problem of Brown, Erdés and T.S6s
([1]): determine the minimum number of edges of an 7-uniform hypergraph on =
vertices which ensures that there exist &k vertices spanning at least s edges. Special
cases of this problem appeared in [4],[2]. The problem whether the minimum is

o(n?) for r =3,k =6,5s =3 was asked in [1] and answered affirmatively by Ruzsa
and Szemerédi in [10].

The probabilistic construction of Brown, Erdés and Sés (Theorem on p. 59 in
[1]) gives the following,

Proposition. Assume that p is even and set q= (72’) —5+2. Then f(n,p,q) < (%—es)n2
where ¢ is positive and depends only on p.
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Proof. The special case (r = 4) of the theorem proved in [1] (p. 59) shows that

4s—k
there is a 4-uniform hypergraph on n vertices and with ¢cns=1 edges (¢ > 0) such
that each k-element subset of vertices spans at most s—1 edges. We set k=p and

s—1= g —2. With this choice, there are at least cn? hyperedges. The property of
the hypergraph implies that at most 723—2 edges contain any given pair of vertices.

Therefore one can keep a positive percentage, say %n2 edges such that no two of
them intersect in more than one vertex. Let H be the hypergraph determined by
these edges, assume its vertex set is V, |V| = n. Associate an edge coloring of
K, to H as follows. Divide each edge of H into two pairs and color both pairs
with the same color. For distinct edges of H distinct colors are used. This gives a
partial coloring of the pairs of V' which is extended by coloring all uncolored pairs
of V' with distinct new colors. From the definition of H, this coloring of K, is a

(p,q)-coloring using (3) —en? colors.

Remark. For even p, Theorem 4 and Proposition 1 show that when f(n,p,q)
becomes quadratic in n, the coefficient of n? is less than —%—

The connection of f(n,p,q) with the Ruzsa-Szemerédi theorem ([10]) appears
first for p=9 and illustrated in the next theorem.

Theorem 5. f(n,9,(3) —2)= (%) —o(n?).

Proof. Consider a (9,q)-coloring of K, where ¢= (g) —2. Assume that m colors
are used in this coloring. A color class is called single if it has only one edge, and
called a twin if it has two disjoint edges. We claim that the union of all color classes
which are not single or twin has at most cn edges.

To prove the claim, observe that a color class which is not single or twin
contains either two intersecting edges (A) or three disjoint edges (B). Moreover,
each color class has at most three edges from the definition of the (9,q)-coloring.
At most § color classes can have A-configurations and at most & color classes can
have B-configurations since these color classes span pairwise disjoint triples and
six-tuples. From these remarks the claim follows.

The crucial claim is that we have o{(n?) twin color classes. Consider the 4-
uniform hypergraph H defined on the vertices of K, with edges determined by the
twin color classes. It is possible that H has edges of multiplicity two but for the
proof we may discard multiple edges, keeping a positive fraction of edges for H.
Moreover, using the well-known theorem of Erdés and Kleitman ([5]) we can assume

that H is 4-partite (keeping a 4% fraction of edges). Also we may assume that H
has minimum degree 3 because deleting edges incident to a vertex of degree at most
two is a loss of at most cn edges. Observe that now two edges of H intersect in at
most one vertex otherwise we have three edges of H whose union covers at most 9
vertices and this contradicts the fact that we have a (9, (g) —2) coloring. Let X bea

vertex class of the 4-partite hypergraph H and consider the 3-uniform hypergraph
H* which is defined by the removal of X from the vertex set of H and from all
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edges of H. Then H* has the same number of edges as H has. Moreover, any six
vertices of H* carry at most two edges of H*: if not then ¢; for i=1,2,3 cover six
vertices of H* and their extension with z; € X gives three edges of H covering at

most 9 vertices, contradicting the fact that we have a (9, (g) —2) coloring. Now the
celebrated theorem of Ruzsa and Szemerédi ([10]) implies that H* (thus H) has
o(n?) edges and the claim is proved.

We conclude that after the removal of o(nz) edges all color classes are single
therefore m> (7) —o(n?). ]

The proof of Theorem 5 suggests that it might be difficult to find for general

p the largest value of ¢ for which f(n,p,q) < (% —¢)n? for some £ >0 depending on
p. It is not difficult to prove that

(on )54 = ()

6. When do we have f(n,p,q)=(5) —c?

The next result gives for each p the smallest q such that all but a constant
(depending on p) number of edges of K, must be colored with distinct colors in a
(p,q)- coloring of K.

Theorem 6. Set = (§) —(§|+1. Then f(n,p,q) > (5)—2|%] but f(n,p,q—1)<
(2) -1

Proof. Consider a {p,q)-coloring of K, where q is defined in the theorem. Define a
hypergraph on the vertices of K7, by repeating the following procedure. Select two
edges of the same color and define a hyperedge by the 3 or 4 vertices spanned by
these edges. Delete the two edges used. At most [42J —1 hyperedges are defined,
otherwise their union is contained in a p-element subset with at most g—1 colors.
This gives the first part of the theorem.

For the second part define a (p,q— 1)-coloring of K, by taking [%J disjoint
4-element subsets on V{K,) and in each of these subsets color two disjoint edges
with color ¢ (for 1<i< L% J), all other edges are colored with distinct new colors. Jj

7. When do we have f(n,p,q)>n®7

_1_ _2_
Theorem 7. For p>3, n?=2 —1< f(n,p,p)<cn?-T where c depends only on p.

Proof. The upper bound comes from Theorem 1. The lower bound is proved by
induction on p. The case p=3 is obvious. Assume that p >3, K, is given with
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1
a (p,p)-coloring with less than ¢t =n?-2 —1 colors. This implies that some vertex

. . . . 2(" _ p=3
of K, is adjacent in the same color with a set A of at least (th)- = % > np-2

elements. The restriction of the coloring to A is clearly a (p—1,p—1)-coloring thus,
by induction

- — 3\ -8 1
f(n,p,p) 2 JA|P=% =1 > <"Z—2>p —1=np? -1
which finishes the proof. L

Problem 3. Decide whether f(n,p,p—1) Zc(p)ns(p). A more general problem is to

find (or estimate) the range of ¢ (in terms of p) where f(n,p,q) > c(p)ne(p). It is
easy to see that f(n,p,[log(p)]) <[log(n)] with base 2 logarithm.

8. Problems for small values of p,q

The problem of f(n,4,3) is already mentioned in the Introduction. It would be
desirable to decrease the probabilistic upper bound cy/n. Concerning f(n,4,4), it
is already noted in (*) that ¢y/n < f(n,4,4) because a color class in a (4,4)-coloring
of Ky can not contain a cycle of length four. (The same lower bound comes from
Theorem 7.) The upper bound en? follows from Theorem 1. Since f(n,4,5) is
linear, the problem is the coefficient of n (between % and 1). For p=>5 perhaps the
most interesting problem is to decide whether f(n,5,9) is linear (see Problem 1).
There is a significant jump from f(n,5,6) to f(n,5,7) because the former is at most
cn’s (Theorem 1) and it is not difficult to see that the latter is at least en’. The
behavior of f(n,p, (72’)——1) can be easily determined for p>5: f(n,6,14)= 51"72—}—0(11),
f(n,7,20)=(3) — | 4] and for p>7, f(n,p, () -1)=(3) - L.

9. Geometry

One gets difficult geometric problems if the vertices of K, are points in d-
dimensional space and colors of the edges are defined by distances, two edges have
the same color if and only if the corresponding distances are the same. These
colorings can be called distance colorings. Then f4(n,p,q) can be defined as the
minimum number of colors over all (p,q) distance colorings determined by n points

of R%. Clearly, f4(n,p,q)> f(n,p,q) for every d. The senior author and Vera T.Sés
proved that f1(n,4,5)> (3)—n+2 ([7]). In fact, this is sharp for n>8. Information
about (4,5) distance colorings in one dimension is given in [9]. It seems that
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fa (TL,4,5) — 00 OF
n
fa(n,4,5)=0(n?). Fishburn ([8]) has an example showing f2(5,4,5) = f(5,4,5)=5.

Acknowledgement. Thanks for the careful reading of the referees which improved
the presentation.

nothing is known about dimension two, neither is known whether
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